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EXTENSION OF A COMPOSITE PLANE WITH A THIN ELASTIC INCLUSION
EMERGING ORTHOGONALLY ON A STRAIGHT MATERIAL INTERFACIAL LINE

A.A. EVTUSHENKO and YU.I. SOROKATYI

A problem of plane elasticity theory concerning the extension of a
composite plane with a thin finite elastic inclusion emerging orthogonally
on a straight material interfacial line is solved. The results of a
numerical solution of the singular integral equation of this problem are
represented for the stress intensity factors and the shear stresses on

the axial line of the inclusion. Solutions of the corresponding problems
for cracks /1-4/ and an absolutely stiff inclusion follow as special

cases from the results cbtained. Earlier /5-7/, the singularity of the
‘stress field near the vertex of a slightly pliable inclusion emerging cn
the free boundary of a homogeneous iscotropic half-plane was investigated.

The problem of the elastic equilibrium of a piecewise-homogeneous plane consisting of
two bonded half-planes within one of which a thin elastic inclusion of finite length 2g5 =

b—a and thickness 2h was located, was solved in /8/. The composite body is subjected to
homogeneous tensile force fields at infinity ¢, ¢, and 0; where

koo, = ko, — (k? — k') 60, ko' = (1 + %)i(8uy), A == (3 — %,)/(8py) 4]

where  x; =3 — 4v; for plane strain x%;= (3 —v;)/(1 + v;) for the generalized plane state of
stress and py, vy (j = 1,2) are the shear modulus and Poisson's ratio of the  half-plane

materials. By using a Mellin transformation, expressions are obtained for the stresses and
the derivatives of the displacements on an axis that agrees with the middle line of the
inclusion on the segment a <{r<_b {/8/, formula (1l0)). Passing to the limit @ -+0, 6 -

=z JT
in these relationships (Fig.l), we find
Tuo0 (%) = Tuoe® (r, 2) + ayity (1) + anaty (1) + Iy (1) (@)
uy' (hoa) = u,” (r, 1) + agt, (1) + oty (1) + by (),
0Lr<b
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fy(n (j =1,2) are jumps in the stress and displacement simulating the presence of the inclusion

Tre (1 ) = =ofy (1) uy’ (rom) = =ofy (), 0 r < b &)
and u,® are the stress and displacement due to a given external load when there is

no inclusion; the prime denotes the derivatives of the appropriate quantities with respect
to the variable r.
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N The interaction conditions for a thin elastic

i i 'y
1 Ii 1 1 inclusion with a matrix, written taking account of the
y symmetry of the problem under consideration relative to
or the plane 0 < r< oo, §=n, have the form /9-11/
e—] -
2h Ho, % 8 ulr' (rs n) = k()o""lfr“x (ra ﬂ) - klo‘the (r’ ﬂ) (4)
ﬁa"—'~";—:mzz 5 - G B tue (r, n) = kdvies (ry 0) — Koy, (r, m)]
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{u¢, v, are the shear modulus and Poisson's ratio of
the material of the inclusion).
Fig.1 Eliminating the mean tensile stress 7,°{r,n) in

the transverse section of the inclusion from the first
two equalities in {4), we obtain

uy (r, w) + k® (BRSO uge (ry ) = ~kymee (o m), 0 r< b (5)
By = (09 — E")/k

Subsitution of the expressions (2) into condition (5) taking the third of relations (4)
into account results in the singular integral eguation (SIE)

5 - b
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2028 ary 40, 10 an + - (R Oun e dr=F () )
) 0 0
L) =pefa (D, 0<r<b
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The desired function f,(r) satisfies the additional condition /8, 10/

b
(htadr=14 @
A= [ulg (0, n) — ugs (b, n)-A7t = 100 (0, ) — 409 (B, W)

(the expression for 4 is written on the basis of the definition of the jumps (3)).
We represent the deformation g (0, #) in the form

2100 (0, n) = ko* (o, + M) — K,° (64 + L) @

where the constants M and L should assume continuity of the change in the solution of the
problem when going from the inclusion material over to the host material. The values

= AJA, L = Ay/A ©)
A oMgze — 31T ,
Ay=2 (kookx — kokey®) 0 -+ (6 — k080 0y + ko’ﬁgicrz,

A, = (8583 -+ 832604 0y + (ko™ 6 - 2ko°k,1) A
Spp=Fky k" p=0,1; Ln=0,1,2

satisfy this requirement.

It can be seen by J.Lec ubs ' (pi,“ = fiyy Vo = "v‘l), the
presence of a crack (pg = ) or an absolutely stiff inclusion (pg = o0, v = 0.5) the
values e (0, 1) agree w1th the solutions of the appropriate problems. The constant ey00 (b, )
is obtained from (8) and (%) by replacing all subscripts 2 by 1.

In the case of an absolutely stiff inclusion (u, == o, v = 0.5) f; (r) = 0 follows from the
integral Eq. (6}, and we obtain the equation
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for determining the abrupt change in the tangential stress.

When p, =0, v, =0 we obtain f,(r) =0 from (6) and an equation describing the eclastic
equilibrium of two half-planes cf different kinds with a mathematical slit going from one of
its vertices to the straight line of the bond /4/

b

e (L0 gr, —5/@0o P fo (ro) drys= — Toa (r, 1), 0<r < b
°

By means of the change of variables 2r=b{z+ 1) and 2r,=5b(t + 1) and taking account
of the relationship

x ‘1 1
S(p(t)dt:-_-—;— Ssign(x—t)q)(t)dt + —;—Sq;(t)dz, —1<zt

21 -1

the integral Eq.(6) and condition (7) are written in the form
1

1
ST‘“_L‘I)dz Ay Ssign (z— )¢ () dt + (10)
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@1 (2) = pogs (2), —1 <z << 1

{ o(yat=a’ (1)
Here -1
2
_ o 227
k(m)---;d,.u I ) T

dn = Rokylny™ + Kolye" + odyy” - dy”

dll = b” , dU B —b,, s d,, :1/’%2 (n=0,1,2; i,j= 1,2)
O@)=F@2r/b—1) —h'4, 9;(@) =f;@2rb—1) (j=1,2),
A" = 2A4/b, A, = b4

The solution of the SIE under the condition (7) is sought in the form

O =0—trd+00eg®, —1<a B0, —1 <t (2)
(i=1,2)
(g; (t) is a bounded measurable function). Using the asymptotic values of the Cauchy integrals
/12/
g ()
e —a - D Zegab e 4 1P+ 43

g (1)2“ ctgmp (1 — 2)* + Oy (2)

g Vi = Ry
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D, ()

(2 + 1)"ﬁ——
Lim (4 + 2 (D (). O (@), (= + 1) O (@)] =0

—1<z <t (n=0,1,2)

hm (1 — 22 (@ (2), Doy (2), (z + 1)" O (2)] ==

where @, (z) & Hyi (I—1,1); RY), 9 (k =0, 15 i =1,2)is the HSlder index, we obtain from the
SIE (10)
ctgna =0, &« = -1/, (14)

Ay cos B + do -+ dif + B (B — 1) = 0

An investigation of the second equation in (14) showed that it contains one real root
Po in the interval (—1,0) for arbitrary values of m = uy/p; and & = p/p,. Values for
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—Bo'10* are presented in the table for Wy = v, = vy == 0.3.

m e = 10-* l 2.1 1 10 ] 108 g m e = {0 0.4 } 16 1 i
103 289 255 871 977 0,98 302 502 498 497
102 294 260 851 929 0.1 754 786 377 321
23,1 302 278 742 855 0.045 826 858 367 304
10 333 305 709 786 102 915 933 360 292
1.02 498 497 501 502 1073 973 963 358 289
1,0 500 500 500 500

Taking (12) into account the SIE (10) under the conditions (11} is solved numerically

by applying the analogue of the Gauss-Jacobi quadrature fromula /4/ for the Cauchy integrals.
We consequently arrive at a system of linear algebraic equations

Here

N
£ Y e [+ psien @ — 1) + k(e 1] = @ () (15)

t,—=x
=1 I k

N
W)= 4' k=12... N—1
p-

PP @y=0, P§%ZP@)=0
W 2V+atft2 T(NfatHTN B+
! D FFeFB+1 TH+at+b+D

PR ) PEL )

ngt,ﬁ) (+) are Jacobi polynomials, and TI'(-) is the gamma function. The stress intensity
factors at the inclusion endfaces are determined in the form

k(0)=lm 2By (r,0), k()= li_il; {20 — B2 08 (7, 70) (16)
r—g r

where the stresses Tyee {r, ) are given by the relationships (2) while 7e (r, 0) on the basis
of /8/ are the following:

Tao0 (ry 0) = To0e® (r, O)+ H (1), O0<r<Coo a7n

b 2

HO=—=§ Y otuntyedn

e j=1

1 k3
= E A -
Q}(rovr)_'mo 9{ (o 17 (i=1,2)

@ = Ygm (2 + %) Iy — 3L], @ = m (4 — L)
g = Ha (34, — Iy, g = 24 (Iy — A
Iy = (1 + nmoey) ™, L = (m -+ %)

Using the asymptotic relationships (13), we obtain from (17)

7900 (71 0) [roo == — W *1 (M) lr<o -+ 1a*f2 OV rco + O (), A >0 18)
B+ U—2+xu+28)h
2sinnf

o BE2BL—(1 2B
B =y s;nnﬁ

W==m

From (2) we obtain at the endface r =5
T100 () 1) bso = ansfy (M r<s + @rafe (D r<o + O Lr — B}, A >0 19)
Substituting (18) and (19) into (16) yields

kE©) = a7 Ipg*qy (—1) + pa*gy (1) (20}
k () = a,h2'B [aygy (1) + Gra8s (1]

The dependence of the stress intensity factors l:(O)/(o,a.'”) (the dashed curve) and & (b)y/

{(0;2e'/2) (the solid curve) (i==1,2), calculated by means of (20), on the relative stiffness of
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the inclusion ¢ is shown in Fig.2. The subscript 1 and curves 1 correspond to the cases
m = 23.08 (aluminium epoxy), ;=2 and curves 2 to m= (0.045 (epoxy-aluminium). The external
tensile load (taking (1) into account) was given as

Gy = kyl/ko' = 0.428, o0, = 1.0, 0, = 19.0 (aluminium—epoxy) @n
0y = k%k} = 0.428, 05 == 1.0, 0, = 18.3 (epoxy-aluminium)
2= 3 —4bvy, Vg =v, =v; =03, b= 0,1
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The values of §;(+1) (1=1,2) are determined from the data of the solution of the system
of algebraic Egs. (15} g (t)) (i=1,2) using the interpolation formula /13/

N-1 N
8 (z) = 2 e“p(G-B) (z), Crp = p;l }‘] Wlpaa'”) (‘j) 8 (l])
k=0 j=1

- P(k+oa+1)T(k+B+1)
EFfa+P+1  MI(ktratB+1)

It is necessary to take N = 25 to achieve a l% relative accuracy of the calculation
(determined by comparing the next approximations with the preceding ones). A change in the
shear stresses rne(nnﬂg,(j==1,a at the point r=0.14 b of the axial line of the inclusion is
shown in Fig.3 as a function of & The tensile stresses were also given in the form (21).

Px
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A VARIATIONAL METHOD OF SOLVING AN ELASTIC—PEASTIC PROBLEM
FOR A BODY WITH A CIRCULAR HOLE

V.I. KERCHMAN and F.M. ERLIKHMAN

An approach based on the theory of variational inequalities and a general-
ized plastic analogy for the solution of the elastic-plastic problem (EPP)
concerning the state of stress of a body weakened by a circular hole
without the assumption regarding total enclosure of the hole by a plastic
zone is proposed. The Haar-Karman hypothesis or an equivalent assertion
is not used here. Generalizations are given to the case of a plastic
inhomogeneous body and for the utilization of an exponential flow
condition. Examples are considered and a simple method is proposed for
estimating the plastic zone dimensions.

It was assumed in the well-known solution given by Galin /1/ of the
EPP on the biaxial tension of a plane with a circular hole and its
generalizations /2-5/ that the plastic domain completely encloses the
hole. The majority of existing solutions have been obtained for the
stress concentration around a hole in an infinite domain.

Let us consider the problem of the plane strain of a body @ with smooth outer contour
L and a circular hole C of radius a (Fig.l). Near the outer boundary the medium under the
loads acting on the body is in an elastic state. We shall alsoc assume that if the plastic
zone does not enclose the hole, then all its connected subdomains lie within appropriate
characteristic triangles such that, as in the case of total enclosure, the stresses in the
plastically homogeneous zone DP? are described by the relationships (tensile conditions)

where
limit,

6,° = 2t, 1n (rla), o8e = 21, {1 +In (r/a)l, ofe =0 M

r,® are polar coordinates connected to the centre of the hole and T, is the plasticity

It is convenient to formulate a statically determinable EPP
in the terminology of the Airy stress function /1-3/: it is

required to find the function u(z,y) which satisfies the bi-
harmonic equation in the elastic zone D°

Aty =0 (2)

and the condition

(7 — ) +4 () <ot ®

and satisfies the following equation in the plastic zone D?:

Fig.l atu 9tu \2 u N\ '
(5 — a0) () =4 %)
The conditions
a
ue=fO) | =@, ve=0, =] =0 ®)

*prikl.Matem.Mekhan.,52,1,126-132,1988



